J535.

J536.

J537.

J538.

J539.

J540.

Junior Problems

Solve in positive integers the equation
3 — 1—233331 — y3 = 2020.
Proposed by Adrian Andreescu, University of Texas at Dallas, USA
Let ABC be an acute triangle. Prove that

a+0b\? b+c)? c+a\® _ 16(a+b+c)?
- - >
cos C cos A cos B 3

Proposed by Florin Rotaru, Focsani, Romdnia

Solve in rational numbers the equation

zlz]{z} =58,
where |z| and {x} are the greatest integer less than or equal to x and the fractional part of x, respec-
tively.

Proposed by Adrian Andreescu, University of Texas at Dallas, USA

Prove that in any triangle ABC

(a+b)(b+c)(c+a) < 1_’_@
4abc 2r

Proposed by Marius Stanean, Zaldu, Romdnia

Let @ > 0 be a real number. Prove that if a, b, ¢ are real numbers in the interval [, 30c],

7 N 7 N 7 S 6 N 6 n 6
a+6b b+6c c+6a  a+5b b+dc c+5ba

Proposed by Mihaela Berindeanu, Bucharest, Romdnia

Find all functions f : R — R such that

fle+1yl) = L)) + fy),

for all x, y € R.

Proposed by Besfort Shala, University of Primorska, Koper, Slovenia
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S540.

Senior Problems

Find all triples (p, q,r) of primes such that
1 1 1 1

p—1 q+7“+1 2

Proposed by Titu Andreescu, University of Texas at Dallas, USA

Let S = {2,4,6,...,2020} be the set of positive even integers not greater than 2020 and T =
{3,6,9,...,2019} be the set of positive multiples of 3 less than 2020. Evaluate

> ) JAuBl

ACS BCT
Proposed by Li Zhou, Polk State College, USA

Let ABC be a triangle with £ZB = 50°. Let D be a point on the segment BC such that ZBAD = 30°
and AD = BC. Find ZCAD.

Proposed by Marius Stanean, Zaldu, Romdnia

Let P(xz) = 2™ + a1z '+ agx™ 2+ -+ + a,_1x + a, be a polynomial with real coefficients and n an
even positive integer. If P(x) has n non-negative real roots, prove that

1+ Ya, < Y/P(-1) <1- =,

n

Proposed by Nguyen Viet Hung, Hanoi University of Science, Vietnam

There is a street with n houses on the left side and n houses on the right side. Moreover, the houses
which are in front of one to another are identical. We have to paint the houses with m different colors
in such a way that no two neighboring houses nor two face to face houses are of the same color. In how
many ways can this coloring be done?

Proposed by Mircea Becheanu, Canada

Let s(z) denote the sum of digits of the positive integer z. Find all positive integers n such that
s(n) =3s(n+1).

Proposed by Titu Andreescu, USA and Marian Tetiva, Romdnia
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Undergraduate Problems

Let (an)n>1 be a sequence of real numbers such that

1
lim =S 2k
n—00 N “— k
Evaluate
2 a4+
1
Y T
k=n-+1
Proposed by Serban Cioculescu, Gdesti, Romdnia
Evaluate

/m(\/l+m+\/1—x) dzx.

Proposed by Nguyen Viet Hung, Hanot University of Science, Vietnam

Let k£ be a positive integer. Evaluate

lim n
n—oo

o [ arctan n*  arctan (nk + 1)
nk nk+1
Proposed by Dinu Ovidiv Gabriel, Balcesti, Vilcea, Romdnia

Let p > 2 be a prime and r > 1 be an integer. Define the set
S={a€Z]|a*=a (modp"), 2<a<p 2}

Prove that
S| <p 2 p—1)(p—e(p—1)).

Proposed by Navid Safaei, Sharif University of Technology, Tehran, Iran

/1 —22%Inx
dx
0 VI—a2(zt—22+1)

Proposed by Paolo Perfetti, Roma, Italy

Evaluate

Let z be rational number. Prove that Q(¢/z) = Q (v/2) if and only if = 2¢® or = 4¢3, for some
rational number q.

Proposed by Mircea Becheanu, Canada
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Olympiad Problems

Let ABCD be a convex quadrilateral with an incircle. Let wq, wse, w3, wy be the excircles of ABCD
tangent to segments AB, BC, CD, DA, respectively. Prove that the lengths of the internal common
tangent segments to the pairs of circles (w1, ws) and (we,wy) are equal.

Proposed by Waldemar Pompe, Warsaw, Poland

Let a,b,c be the side-lengths of the sides of a triangle and let S be its area. Let R and r be the
circumradius and inradius of the triangle, respectively. Prove that

a4+ b+ 2 §4S\/6—};+3[(a—b)2+(b—c)2+(c—a)2 .
Proposed by Marius Stanean, Zaldu, Romdnia

Let i1 < --- <4 and j; < --- < jp, be nonnegative integers such that
QU 4 ... 490 =901 4 ... 4 9Im,

Prove that | < m.
Proposed by Titu Andreescu, USA and Marian Tetiva, Romdnia

Find the greatest constant A such that the inequality

a? +b% + 2 2 a b c
——+A> (142
ab+bc+ca+ _3( * )<b+c+c+a+a+b)

holds for all positive real numbers a, b, c.
Proposed by Nguyen Viet Hung, Hanoi University of Science, Vietnam

Let A1A3B1B2C1Cy be a convex hexagon in which all angles are obtuse. Let A1A; N B1By = C,
B1ByNC1Cy = A, and C1C3NA1 Ay = B. Let O be the circumcenter of ABC. Suppose that ZB,0C =
/BAC, £050A; = ZCBA, and LAsOBy = ZACB. Prove that

A1 Ay + B1By + 010y < A9 By + BoCq + CoAy.
Proposed by Dominik Burek, Krakow, Poland

Let a, b, c be positive real numbers such that a + b+ ¢ = 3. Prove that

a N b N c L Va+ Vbt e T
A+ B) +Tbe  ¥/4(cS +ab)+Tca  {/4(aS + bO) + Tab 12 — 12

Proposed by Hoang Le Nhat Tung, Hanoi, Vietnam
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